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1 Introduction

In his article about the history of the Associated Electrical In-
dustries research laboratory, Hirst [1] referred to the Archard wear
model as “the total amount of wear, then, depended on the prob-
ability that a wear particle would be produced at an encounter and,
if it did so, on the size of that particle.” Although a probabilistic
approach can be used for the wear coefficient, it has in fact usu-
ally been treated deterministically, and a number of practical ap-
plications using deterministic approaches can be found in the lit-
erature [2-4]. Indeed, descriptions of the use of probabilistic
approaches to determine wear coefficient are rarely found in the
literature [5,6]. Usually, models that predict wear rate make use of
this coefficient together with failure concepts to define the pre-
dominant wear mechanism [7]. Basic concepts of low cycle fa-
tigue [8], fracture mechanics [9], and dislocation theory [10] have
been used for this purpose.

Avila da Silva and Pintaude [11] described a probabilistic ver-
sion of the Archard equation and modeled the uncertainty in the
wear coefficient. They obtained approximate solutions for the
worn height stochastic process and used the Karhunen-Loeve se-
ries to represent the uncertainty in the wear coefficient. They also
considered the contact area in the initial value problem (IVP),
allowing a relationship to be established between this concept and
the wear rate. According to Kapoor et al. [12], this kind of rela-
tionship is fundamental when modeling mild wear in sliding sys-
tems. Although Avila da Silva and Pintaude [11] did not consider
the contact area as a stochastic process, the probabilistic approach
is extensively applied in mechanical contact models that incorpo-
rate surface roughness [13,14].

This paper contributes to the model proposed by Archard, by
describing the use of an approach based on differential equations,
whose exact solutions are the first and second statistical moments
of the worn height stochastic process. The formulation of the wear
problem is based on the stochastic version of the Archard model
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described by Avila da Silva and Pintaude. The uncertainty is as-
sumed to be in the roughness and wear coefficients, and these are
modeled by means of random variable or stochastic processes.

2 The Archard Model as an IVP

Avila da Silva and Pintaude [11] described the following IVP
based on the Archard model for the worn height £

fl—’:(m cnw), V() e (0.7 X Q

(1)
h(0) = hy

where U(f, w)=k(t,w)- B(t,w) - v(f,w), wherein k, B, and v are the
wear coefficient, roughness coefficient, and sliding velocity, re-
spectively. The solution to the IVP is the worn height stochastic
process (WHSP), whose domain is defined in (0,7) X, with
(0,7)CR as a restricted interval; w is a generic element of the
sampling space of events (). In the case of the wear coefficient, w
can be physically explained as a random event associated to the
asperities density on the sliding surfaces. In this way, the sampling
space of events () would be the set of all possible random events
related to the asperities density. The roughness coefficient is de-
fined as

AV

. @
where A, and A,, are the plastic and apparent contact areas, respec-
tively. As the Archard model predicts that plastic deformation
must take place for the material to be removed, a portion of the
contact area is assumed to be under full plastic deformation. The
solution to the IVP defined in Eq. (1) is of the right hand side
(RHS) type, following the classification given by Soong [15] for
stochastic differential equations. From Eq. (1) and the classical
results of probability theory, the Cauchy problems for the ex-
pected value and covariance will be formulated. The following
hypotheses are required to ensure these problems are well-defined
in the Hadamard sense:

n

(H1) k, B, and v are continuous in mean square.
(H2) k, B, and v are uncorrelated.
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(H3) 3k,

,@ B.u,veR*, so that P{(t,w)e[0,T]
X Qk(t, ) € [k, k]A

B(t,0) [B.Blrv(t,0) e [v,0])=1.

Hypothesis H1 provides that dh/dt be continuous in mean
square, making it feasible to use theoretical results regarding
mean square continuity. Hypothesis H2 becomes reasonable if one
assumes that no transition between any wear mechanisms occurs
for the problems being considered. From an experimental point of
view, the results given by Welsh [16] indicate that there is an
extensive range of sliding velocities (0.017-2.66 m/s) for which
no change in the values of k and S takes place. Thus, the devia-
tions in k, 3, and v do not result in mechanisms that would in turn
lead to a statistical correlation between these three parameters,
hence justifying H2. Finally, H3 ensures that the probability dis-
tributions for the sliding velocity and wear and roughness coeffi-
cients can only be uniform. This hypothesis ensures that the
source term of Eq. (1) is contained within [0, 7] X Q.

3 Notations, Definitions, and Corollaries

In this section some basic definitions and results of stochastic
processes used to develop the formulations described in this paper
are presented. The definitions and demonstrations can be found in
Refs. [17,15]. For the purposes of the following definitions, the
probability space ({),F,P) must be established. This is a mea-
surement space defined in a o-algebra F from the sample space ()
and the measure P, called probability measure, or probability. The
solution to Eq. (1) is the WHSP A:[0,7]XQ—R, which is a
function in two variables (¢, w) € [0,T]X Q belonging to real val-
ues and P-measurable as a function of we () for each fixed ¢
e[0,T].

DEFINITION (expected value). The expected value w;, of the sto-
chastic process h:[0,7]XQ—R is given by

(1) = (h(t, @) = f h(t,w)dP(w) 3)
Q

where dP(w) is the probability measurement and (-) is the math-
ematical expectation operator.

DEFINITION (autocorrelation). The autocorrelation R;, of the
stochastic process 7:[0,T] X Q—R is defined by

R (s.1) =<h(s,w),(t,w’)>=f f h(s,w)h(t,0")dP(0,0")
axQ
4)

DEFINITION  (continuity in mean). A stochastic process
h:[0,T1XQ—R of second order, i.e., (h*(t,w))<»Vre[0,T],
is continuous in mean or even mean square continuous for a fixed
te[0,T] if the following limit exists:

limh(t + 7,w) = h(t) or even
70
(5)
im{h(t+ 7, 0) - (t,0)]?) = hmf [h(t + 7, 0) — h(t,w)?dP(w) =0
—0
DEFINITION (derivative in mean). A stochastic process

h:[0,T]XQ—R of second order has a derivative in mean or
mean square derivative at 7 € [0, T] if the following limit exists:
dh h(t+ 7,0) = h(t+ 7,
“(t+7.0) = lim (4 7w) —h+ 7,0) 6)

70 T

COROLLARY.  If  dh/di(t,w)
=R,/ ds dt(s,t) in [0,T]X[0,T].
Proof. The demonstration of this corollary can be seen in Ref.

[17].

then

exists, Raprai(s 1)
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The result shown in this corollary is the basis upon which the
formulations in this paper are developed.

4 Formulation of the Cauchy Problem for the Ex-
pected Value and Covariance

In this section, the formulations in terms of the Cauchy prob-
lems for the expected value and covariance of the WHSP for a
sliding system based on the Archard model are described. Fixing
te(0,7) in Eq. (1), one can obtain the random variable
dh/di(t,w), and applying mathematical expectation yields

<%(r, w)> = (o) ™)
t
From H1 and its corollary one can obtain
an, \_dum
< % (t, w)> == (®) (8)
and
(Ut,w)) = p(1) ©)

where u, is the expected value of the random variable v. From
Eqgs. (7)—(9) it follows that

ey
dt
From Eq. (10) and the initial condition given in Eq. (1), the fol-

lowing IVP can be proposed for the expected value of the worn
height

= [y (10)

o

Vie(0,T
5 € (0,7)

= [
(11)
#,(0) = a0
The solution to the IVP in Eq. (11) is obtained by integrating and
applying the initial condition
t

(1) = Mp(0) + f o(s)ds,

0

Vvt el0,7] (12)

It should be mentioned that in order to get the expected value of
the worn height, one should know, if possible, the correlation
between the wear and roughness coefficients and the sliding ve-
locity.

The autocorrelation of the WHSP is obtained in a similar fash-
ion. Fixing s,t€(0,7) in Eq. (1), the random variables
dh/di(s,w) and dh/dt(t,w) are generated. Taking the mathemati-
cal expectation of the product of these variables yields

< — (s, w) (t w)> =(us, 0), U1, w)) (13)

The left hand side of Eq. (13) corresponds to the autocorrelation
function of random variables dh/dt(s, ) and dh/di(t, w)

Rdh/dt(sst)=< (s, w) (t a))> (14)

where R, is the autocorrelation function of the random vari-
ables dh/dt(s,w) and dh/di(t,w). From Eq. (1) and hypothesis
HI, it is known that that v is continuous in mean square, implying
that dh/dt is also continuous in mean square. From the corollary it
follows that

+R,
ds dt

Rapar(s,1) = (15)
Putting Eq. (15) in Eq. (13) gives
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From H2 it follows that
(s, w), A1, w)) = (k(s, w),k(t, w) X B(s, w), B(t, w) v (s, w),v(t, w))
(17)

(16)

which may be expressed as

(k(s, @), k(z, @) X B(s, ), B(1, ) v (s, w),v(1,w)) = (R Rg - R, ) (s.1)

(18)
From Egs. (16)—(18) one can obtain
jjlzl;(s,t) =Ry Rg-R)(s.0), V¥ (s,0) € (0,7) X (0,7)
(19)

The autocorrelation function of WHSP is determined by integrat-
ing Eq. (19). The initial conditions associated with Eq. (19) are
obtained based on the initial condition of the IVP defined in Eq.
(1). If t €[0,T], the autocorrelation of the random variables 4(0)
and A(z) is given by
Ry(0,1) = (h(0), (1)) = hoSh(2)) = h - p(2) (20)
and from the symmetry of the autocorrelation function, one can
derive
Rh(s,O) = ho . [Lh(S) (21)

Equations (19)—(21) define the problem for the autocorrelation
function of WHSP

PRy
dsat

(Re-Rg-R,)(s,0), ¥V (s,1) € (0,T) X (0,7)

Ry(5,0) = hg - wy(s) (22)

Rh(O,l) = ]’l() . [Lh(t), v s,t € [O,T]

The solution to Eq. (22) is derived directly by integrating and
applying the initial conditions. For the case where hy# 0, the
problem defined in Eq. (11) must be solved. It is important to
observe that the problems defined in Egs. (11) and (22) are linear
in terms of the expected value and autocorrelation of the WHSP,
respectively. In the Sec. 5, the formal solutions for the problems
defined in Eqgs. (11) and (22) will be described for the cases where
the uncertainty is modeled by means of a random variable or
stochastic process.

5 Uncertainty Modeling

In the Archard model, the uncertainty is considered to be in the
wear and roughness coefficients. Two different approaches to
modeling this uncertainty will be analyzed: One using a random
variable and another using a stochastic process. In the former
approach, the variable {: Q) — R is defined as

{(@) = p+ &) (23)
where u, is the expected value of the random variable {(w),

which has a probability density distribution F';z. The random vari-
able &(w) has the following properties:

(O=0n(E)=0;
where o’? is the variance of the random variable {(w).
A weakly stationary stochastic process defined as follows will

be used for the case where the uncertainties in the wear and
roughness coefficients are modeled by stochastic processes

Ut 0) = - [1+ g1, 0)] (25)

where w; is the expected value, and g, a stochastic process with
the following properties

(24)
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(g0)=0, Vi1e[0,TIA{g/s).g 1)) = % - Cs
4

-1, V(s e[0,T]X[0,T] (26)

so that C; is the covariance function of the stochastic process {.

The choice of the model described in Eq. (25) is based on
experimental observation of the run-in process. According to Blau
[18], most tribological transitions can be classified as nonperiodic
processes, allowing the steady-state regime to be predicted. In the
present study, modeling the run-in period is not a goal, so that, as
in Eq. (25), the expected value (u;) becomes independent of time,
since the steady-state wear regime has been reached. These con-
siderations apart, the model is suitable for use with other kinds of
variations over time.

6 Expected Value and Covariance of the WHSP

In this section the formal solutions of the problems defined in
Egs. (11) and (22) are given for the uncertainty models referred to
in the Sec. 5. These solutions are determined by integrating and
applying the initial conditions. As mentioned in Eq. (1), all the
terms on the right hand side can be modeled as stochastic pro-
cesses. This approach would be useful for systems in which wear
is caused by erosion, where the velocity of the particles is not only
an important factor in wear rates but also difficult to measure [19].
In contrast, in sliding systems, the velocity usually varies very
little and is relatively easy to control [20]. Only sliding systems
will be considered here. Thus, the sliding velocity is assumed to
be constant and deterministic, i.e., P({(t,0) €[0,T]X Q|v(t, )
=v})=1. In addition, the initial condition is assumed to be homo-
geneous and deterministic, i.e., P({w € Q|h(0,w)=0})=1. To this
end, the initial height of the worn specimen should be normalized
to give a reduction in height of zero (hy=0). Some examples of
similar normalization procedures can be found in Ref. [21].

6.1 Modeling Using a Random Variable. From the descrip-
tion of the uncertainty defined in Eq. (23) for the wear and rough-
ness coefficients in Eq. (11), it follows that

d/‘/h

- Vite(0,T
5 € (0,7)

(1) = pi - g v,
27)
/‘Lh(o) =0
Integrating and applying the initial condition yields the expected
value function of the WHSP

() =y pg-v-t, Viel0,T] (28)

If the expected value and autocorrelation functions are known, the
covariance of the worn height can be obtained. Thus, the solution
to the problem defined in Eq. (22) is required. The autocorrelation
for the case where the uncertainty in the wear and roughness
coefficients is modeled by random variables is obtained by impos-
ing the uncertainty model given in Eq. (23) and its properties (Eq.
(24)) on Eq. (22)

&
mﬁ“”4@+@4é+ﬁ%ﬁ Y (5,1) € (0,7) X (0,7)
Rh(S,O) = O (29)
R, (0,)=0, Vs,re[0,7]

The solution to the problem shown in Eq. (29) is given by
Ry (s,1) = (,ui + a’i) . (,u,é+ B)vzst, Y (s,t) € [0,T] X [0,T]
(30)

Subtracting the term (u- pg-v)*-s-1 from Eq. (30) gives the co-
variance function of the WHSP
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(@) (b)

Fig. 1

Ci(s.1) = (U0 + ppoy + 030p) - v* - s - 1,
Y (s,1) € [0,T] X [0,T] (31)

Analysis of Eq. (31) reveals that the covariance of the WHSP is
explicitly defined in terms of the expected values and standard
deviations of the wear and roughness coefficients.

6.2 Modeling Using a Stochastic Process. In this section the
expected value and covariance functions for the WHSP are de-
scribed for the case defined in Eq. (25), where the uncertainties in
the wear and roughness coefficients are modeled as stochastic
processes. Using the properties of these stochastic processes (Eq.
(26)), the expected value of the WHSP is then given by Eq. (28).
The autocorrelation function is determined by solving the follow-
ing problem

PR,
dsdt

(5,8) = (pi - g - v)’[1+(Cy- Cp)(s-1],

Y (s,1) € (0,T) X (0,7)
(32)
Rh(S,O) =0

R,(0,0)=0, Vs,re[0,T]

where C; and Cp are the covariance functions of the stochastic
processes for the wear and roughness coefficients, respectively.
The solution to Eq. (32) is obtained by integrating and applying
the initial conditions

©

Graphs of types (a), (b), and (c) covariance functions defined in [0,1]X[0,1]

Ry(s,1) = sz f [t - IU'B)Z +(Cy CB)(M —-w)ldudw,
070

Y (s,¢) € [0,T] X [0,T] (33)
The covariance function of the WHSP is
t s
Cy(s,1) = vzj f (Cr- Cp)(u—w)dudw,
070
v (s,1) € [0,T] X [0,T] (34)

The variance function is obtained from Eq. (34) by setting the
integration limits to s=t, yielding V,(t)=C,(z,t). It should be
noted that both the problems defined in Egs. (29) and (32) are
linear in terms of the autocorrelation function. Sec. 7 gives nu-
merical examples where the stochastic processes have the follow-
ing types of covariance:

(@ C(s,0=1-]|s=1|/8, V(s,)e[0,T]X[0,T]
b))  Cs,n=0+ |s—t|/5)-e“"|s_", Y (s,1) e[0,T]X[0,T]
©  C(s.n=e 9" V(5,0 e[0.T]X[0,T]

Figure 1 shows the graphs of the covariance functions for the
three types of covariance (a), (b), and (c). The functions are de-
fined in [0,1]X[0,1], with a correlation parameter a=5=1.

Figure 2 shows the graphs of types (a), (b), and (c) covariance
functions defined in [-1/v2,1/y2] with 7=s—r. It can be seen

0.9 i

—_— Typé (a) |
-=- Type (b)
~ad e Type (c)

HESIL

-
-
-~

0.8

S~

0.7

c(@
0.6F

0.5

0.4

Fig. 2 Graphs of types (a), (b), and (c) covariance functions defined in

[=1/v2,1/42]

021013-4 / Vol. 77, MARCH 2010

Transactions of the ASME

Downloaded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



x10"

350 ——H®
51 ——-pOro,® |
==y ®O-5,®
25 ;
w® 2
15
1
0.5 -
0 i i H i i i i
0 500 1000 1500 2000 2500 3000 3500

t

Fig. 3 [Expected value of the worn height stochastic process

that the type (a) covariance function has the smallest support,
supp(C), and that the type (b) function has the smallest correlation
decay. Note that a stochastic process with this kind of correlation
gives rise to strongly related random variables.

In both cases of uncertainty modeling, the variance of the
WHSP is determined by making V,(1)=C,(,t) with t€[0,T] in
Eqgs. (11) and (22).

7 Numerical Results

In this section two sliding wear problems with uncertainty in
the wear and roughness coefficients are described. The method-
ologies discussed in Secs. 4—6 are used, and the uncertainties in
the wear and roughness coefficients are modeled by random vari-
ables or stochastic processes. The expected value and covariance
functions of the WHSP are obtained as solutions of the problems
defined in Egs. (28), (31), and (34). To compare the results of the
two different modeling approaches, the same values for the ex-
pected value and standard deviation are used. These were previ-
ously described in Ref. [11].

* Expected value and standard deviation of wear coefficient
M= 10_7 and g = 10_8

* Expected value and standard deviation of roughness coeffi-
cient ,uﬁ=10_5 and og= 1076

* Sliding velocity v=1 m/s

* Sliding time 7=3600 s

Problem 1: Wear and roughness coefficients modeled by ran-
dom variables. In this problem the wear and roughness coeffi-
cients are modeled as uniform random variables. Figure 3 shows
the graph of the expected value function of the WHSP. It should

Ch(s,t)

@

Fig. 4

Journal of Applied Mechanics

be noted that because of the definitions and properties given in
Egs. (23)—(26), the expected value of the WHSP is the same for
both the random variable and stochastic process models.

In Fig. 3 one can observe a small variability of the worn height
stochastic process in relation to the curve that represents the ex-
pected value. In this example, for short intervals of sliding time,
the deterministic modeling of wear problem implies in a good
approximation for the stochastic modeling of the problem. On the
other hand, for larger intervals of time, the dispersion increases, as
mentioned in Ref. [22], leading to significant deviation in relation
to the deterministic approach.

Figure 4 shows the graphs of the covariance and variance func-
tions of the WHSP. From these graphs and Eq. (31) it can be seen
that the functions increase as the sliding time increases. From a
tribological point of view, this is a predictable result, as shown in
Ref. [22].

As the covariance is a continuous, monotonically increasing
function for a closed and restricted region [0,7]X[0,T]CR?, it
reaches a maximum at (s,7) € [0,7]X[0,7T].

Problem 2: Wear and roughness coefficients modeled by a sto-
chastic process. In this problem the uncertainties in the wear and
roughness coefficients are modeled by stationary stochastic pro-
cesses. Formal solutions for three cases of covariance functions
are presented.

@  Cils,)=10""*(1-|s=#/T) and Cgls,))=107"0-(1+]s
/1) -1 v (s,1) e [0,T] %[0, T]

(b))  Culs,)=10"-(1-|s—e|/T)
1T Y (s.0) e [0,T] X [0, T]

©  Culs,)=10""*(1+|s—2/T)-e "1 and Cgls,1)=1071°
e =17 (s,1) €[0,7]%[0,T]

and  Cgls,n=107"0

It should be mentioned that an explicit solution cannot be de-
termined in some cases because the integral in Eq. (34) cannot be
solved analytically. In these cases, Eq. (34) is integrated numeri-
cally, and the solutions in terms of covariance are shown graphi-
cally.

Figure 5 shows the graphs of the products of the covariance
functions for cases (a), (b), and (c). To compare them with the
graphs shown in Fig. 2, the functions generated by the product of
the covariance functions will be normalized. To that end, 7=s

—t/T is taken into account and 5(7)=(o'k-0'5)‘2~(Ck-CB)(T) is
defined in [=1/42,1/v2]. When the graphs of functions C(-) and

x10"

V60

25

2 /

1.5 /

0.5

-

0 500 1000

1500 2000

t

2500 3000 3500

(®)

(a) Covariance function (Eq. (28)); (b) Variance function
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Fig. 5 Graphs of functions é(-) for cases (a), (b), and (c)

C(-) in Figs. 2 and 5, respectively, are compared, it can be ob-

served that the function C(-) generally shows a smaller region of
correlation than function C(+).

Figure 6 shows the graphs of the covariance functions of the
WHSP for cases (a), (b), and (c). As expected, the graphs show a
common trend, namely, an increase in the dispersion of the WHSP
as the sliding time increases. It can also be observed that the
covariance function had the highest values in case (a), a finding
that is related to the volume (9¢) of the covariance function in
each case. In addition, defining the region of correlation as the set
Se={(s,t,2) € R3|(s,1) € supp(C) AO=z= C)(s,1)}, one can con-
clude that

Eq.(34)
zc(m < Ecm < 2C(c) = ﬂc(b) = Ve, = e,

Figure 7 shows the graphs of the variance functions of the
WHSP for cases (a), (b), and (c). The variance was greatest for
case (c), while the dispersion in terms of the variance of the
WHSP was smallest for case (b).

Table 1 gives the maximum values for the covariance of the
WHSP in problems 1 and 2. The results show that the smallest
dispersion values were obtained when the uncertainty was mod-
eled using a stochastic process, a trend that was observed by Avila
da Silva and Pintaude [11], who considered only the uncertainty in
the wear coefficient.

The results for the expected value and covariance given in this
section illustrate a number of important issues related to the mod-

1
C, 9 x10
1

a8
C,60 x10
3,

(b)

eling of parameters used in the Archard model. A larger dispersion
was observed when a random variable was used in the uncertainty
modeling rather than a stochastic process. Although modeling us-
ing a stochastic process required more complex mathematics than
modeling with a random variable, it produced a smaller propaga-
tion of the uncertainty in the WHSP.

8 Conclusions

This paper has described a simple yet powerful application of
mean square calculus to worn height based on the Archard model.
The formulations described were based on the probabilistic ap-
proach to the wear coefficient and the initial value problem de-
scribed in the paper by Avila da Silva and Pintaude [11]. The
modeling of the uncertainty in the wear and roughness coefficients
was studied for two different cases: One in which random vari-
ables were used, and the other, stochastic processes. Using suit-
able hypotheses about the uncertainty models for these coeffi-
cients and a classic result of mean square calculus, the Cauchy
problems for the expected value and covariance of the worn
height stochastic process (WHSP) were solved for the expected
value and autocorrelation of the WHSP. For these problems, for-
mal solutions for the expected value and covariance of the WHSP
were described. In the case where the modeling was based on a
random variable, explicit solutions for these functions in terms of
the expected values and standard deviations for the wear and
roughness coefficients were given. In the case where a stochastic
process was used, only one formal solution for the covariance of
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Fig. 6 Graphs of covariance functions of the WHSP for cases (a), (b), and (c)
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Fig. 7 Graphs of variance functions of the WHSP for cases (a), (b), and (c)

Table 1 Maximum value of covariance of the worn height stochastic process for problems 1
and 2
Problem 2
Covariance
(m?) Problem 1 Case (a) Case (b) Case (c)

C,(3600,3600) 2.60496 X 1071

8.35387479 X 10718

7.91247569 % 10718 1.06428137 % 1077

the worn height was presented. Numerical solutions for the WHSP
were determined for the three models of covariance for the wear
and roughness coefficients, and the covariance of the WHSP gave
an indication of the uncertainty propagation present in these coef-
ficients. A larger dispersion for the covariance of the worn height
was observed for the uncertainty modeling based on a random

variable.

Nomenclature
A, = apparent contact area
A, = plastic contact area

C;, = covariance function of the worn height

C, = covariance function of the wear coefficient

Cp = covariance function of the roughness
coefficient

C = product of the covariance functions
hy = normalized initial height
h = reduction in height corresponding to the mate-
rial removed
k = wear coefficient
P = probability measurement
R, = autocorrelation of the stochastic process
Rynar = autocorrelation function of the random vari-
ables dh/dt(s,w) and dh/dt(t, w)
T = total time interval
s ort = sliding test time
V,, = variance function of worn height
v = sliding velocity
B = roughness coefficient
F; = probability density function (PDF)
g = expected value of the roughness coefficient
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My = expected value of the wear coefficient
M, = expected value of the worn height
Mgy = expected value of random variable (k-3-v)
¥ = volume of the covariance function
op = standard deviation of the random variable 3
o, = standard deviation of the random variable k
{,&,v = random variables
o = element of the sample space ()
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